New fixed-point theorems on metric spaces are established, and analogous results on partial metric spaces are deduced. This work can be considered as a continuation of the paper Samet et al. (2013) .
Introduction
In 1994, Matthews [1] introduced the concept of partial metric spaces as a part of the study of denotational semantics of dataflow networks and showed that the Banach's contraction principle can be generalized to the partial metric context for applications in program verification. Later on, many authors studied fixed-point theorems on partial metric spaces (see, e.g., [2] [3] [4] [5] [6] [7] [8] [9] and references therein).
We start by recalling some basic definitions and properties of partial metric spaces (see [1, 5] for more details).
Definition 1.
A partial metric on a nonempty set is a function : × → [0, +∞) such that for all , , ∈ , we have (P1) = ⇔ ( , ) = ( , ) = ( , ), (P2) ( , ) ≤ ( , ), (P3) ( , ) = ( , ),
(P4) ( , ) ≤ ( , ) + ( , ) − ( , ).
A partial metric space is a pair ( , ) such that is a nonempty set and is a partial metric on .
It is clear that, if ( , ) = 0, then from (P1) and (P2), = ; but if = , ( , ) may not be 0. A basic example of a partial metric space is the pair ([0, +∞), ), where ( , ) = max{ , } for all , ∈ [0, +∞). Other examples of partial metric spaces which are interesting from a computational point of view may be found in [1] .
Each partial metric on generates a 0 topology on which has as a base the family of open -balls { ( , ) : ∈ , > 0}, where
for all ∈ and > 0.
Definition 2. Let ( , ) be a partial metric space and { } a sequence in . Then { } converges to a point ∈ if and only if ( , ) = lim → +∞ ( , ). We may write this as → ; { } is called a Cauchy sequence if lim , → +∞ ( , ) exists and is finite; ( , ) is said to be complete if every Cauchy sequence { } in converges, with respect to , to a point ∈ , such that ( , ) = lim , → +∞ ( , ).
If is a partial metric on , then the function : × → [0, +∞) given by
is a metric on . 
Then has a unique fixed point ∈ . Moreover, we have ( , ) = 0.
Very recently, in [10, 11] , the authors proved that a large class of fixed-point theorems in partial metric spaces, including Matthews result, are immediate consequences of fixed-point theorems in metric spaces. More precisely, in [11] , the authors established the following result.
Theorem 5 (see [11] 
for all , ∈ . Then has a unique fixed point ∈ . Moreover, one has ( ) = 0. Now, taking ( ) = ( , ) in Theorem 4, we obtain that
for all , ∈ . Applying Theorem 5, we obtain immediately the result of Matthews. Another technique suggested by Haghi et al. [10] let be a metric on defined by
It is not difficult to show that if ( , ) is complete, then ( , ) is complete. Now, Matthews' contraction is equivalent to
for all , ∈ . So, the result of Matthews can be deduced immediately from the Banach contraction principle. Observe that in Theorem 5, if we consider the mapping : × → [0, +∞) defined by
then is a metric on and ( , ) is a complete metric space. Moreover, the contractive condition in Theorem 5 is equivalent to 
Then, the contractive condition in Theorem 5 is equivalent to
for all , ∈ . In this paper, we establish new fixedpoint theorems in metric spaces involving a function
, where the mapping
is not a metric on . Some fixed-point theorems in partial metric spaces are deduced from our main results in metric spaces.
Main Result
We denote by F the set of functions : [0, +∞) 3 → [0, +∞) satisfying the following conditions:
As examples, the following functions belong to F: 
for every , ∈ .
Our main result is giving by the following theorem. (1) is lower semicontinuous, (2) there exist ∈ Ψ and ∈ F such that the pair ( , )
satisfies an -generalized -contraction.
Then has a unique fixed point ∈ . Moreover, one has ( ) = 0.
Proof. Let 0 ∈ . Define the sequence { } ⊂ by +1 = for all positive integer . Let be a positive integer such that ≥ 1. Using condition (2) with = and = −1 , we obtain that
(15) Without restriction of the generality, we can suppose that
In this case, we have
Note that ( ( , +1 ), ( +1 ), ( )) > 0. Indeed, if ( ( , +1 ), ( +1 ), ( )) = 0, from condition (i), we have ( , +1 ) ≤ ( ( , +1 ), ( +1 ), ( )) = 0, which implies that = +1 , that is a contradiction with the assumption +1 ̸ = for every . Since ( ) < for every > 0, we get that
which is a contradiction. Then, we deduce that
for every ≥ 1. Using the property (i) of and the monotony property of , we obtain that
for every ≥ 1. Fix > 0, and let ℎ = ℎ( ) be a positive integer (given by (jj)) such that
Let > > ℎ; using the triangular inequality and (20), we obtain
Thus we proved that { } is a Cauchy sequence in the metric space ( , ). Since ( , ) is complete, there exists some ∈ such that → as → ∞. We shall prove that is a fixed point of . At first, observe that from condition (jj) and (20), we have
which implies (since is lower semicontinuous) that
Using condition (2) with = and = , we get that 
for every ≥ . Thus, we have
Letting → +∞ in the above inequality, we get that
which is a contradiction. Thus, we proved that = . Now, suppose that ∈ is another fixed point of . We can observe that
Indeed, applying (14) with = = , we get that
which implies (30). Now, applying (14) with = and = , we obtain
Using (24) and (30), we obtain
which implies that ( , ) = 0; that is, = . Thus, we proved that has a unique fixed point ∈ with ( ) = 0. 
We endow = [0, 1] with the standard metric ( , ) = | − |. Let ( ) = for all ∈ , ( ) = (3/4) for all ≥ 0, and ( , , ) = + + for all , , ≥ 0. Clearly, is continuous, ∈ Ψ, and ∈ F. Moreover, we have
for all , ∈ . By Theorem 7, has a unique fixed point ∈ ( = 0) with ( ) = 0. Note that in this example, the Banach contraction principle cannot be used since the mapping is not continuous.
Particular Cases
In this section, new fixed point results are deduced from our main result given by Theorem 7. (1) is lower semicontinuous,
for all , ∈ .
Then has a unique fixed point ∈ . Moreover, we have ( ) = 0.
Proof. It follows from Theorem 7 with ( , , ) = ( + )( + 1). 
Proof. It follows from Theorem 7 with ( , , ) = ( + )( + 1). (1) is lower semicontinuous,
Then has a unique fixed point ∈ . Moreover, we have ( ) = 0. (1) is lower semicontinuous,
Then has a unique fixed point ∈ . Moreover, we have ( ) = 0. 
Proof. It follows from Theorem 7 with ( , , ) = (ln( + 1) + 1) + ( + 1).
Many other results can be deduced from Theorem 7 by considering different choices of .
Applications to Partial Metric Spaces
We will show that the following fixed-point theorem in partial metric spaces can be deduced from Theorem 7.
